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1^ , Abstract 

^ (2+l)-dimensional Georgi-Glashow model is explored in the regime when the Higgs boson is not 
infinitely heavy, but its mass is rather of the same order of magnitude as the mass of the W 
boson. In the weak-coupling limit, the Debye mass of the dual photon and the expression for the 
monopole potential are found. The cumulant expansion applied to the average over the Higgs field 
r-| \ is checked to be convergent for the known data on the monopole fugacity. These results are further 
^ ', generalized to the S'?7(iV)-case. In particular, it is found that the requirement of convergence of 
[ the cumulant expansion establishes a certain upper bound on the number of colours. This bound, 
• expressed in terms of the parameter of the weak-coupling approximation, allows the number of 



colours to be large enough. Finally, the string tension and the coupling constant of the so-called 
rigidity term of the confining string are found at arbitrary number of colours. 



1 Introduction 

Since the second half of the seventies [||], (2-|-l)-dimensional Georgi-Glashow model is known as an 
example of the theory allowing for an analytic description of confinement. However, confinement 
in the Georgi-Glashow model is typically discussed in the limit of infinitely large Higgs-boson 
mass, when the model is reduced to compact QED. In ref. 0, possible infiuence of the Higgs 
field to the dynamics of the Georgi-Glashow model has been studied both at zero and nonzero 
temperatures. This has been done not only under the assumption that the Higgs-field mass is 
finite rather than infinite, which allows this field to propagate, but in the Bogomolny-Prasad- 
Sommerfield (BPS) limit [Q. This is the limit when the Higgs field is much lighter than the W 
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boson (but is still much heavier than the dual photon). The first aim of the present paper is to 
generalize the zero-temperature results of ref. p[ to the case when the mass of the Higgs boson is 
of the same order of magnitude as the mass of the W boson. This situation is thus intermediate 
between the BPS limit and the limit of compact QED. In this way, we shall find the monopole 
potential and the Debye mass, and prove the convergence of the cumulant expansion associated 
to the average over the Higgs field. This will be done in the next Section. 

Another aim of the present paper, which will be realized in Section 3, is to generalize this 
analysis to the SU (iV)-case. The Debye mass and the parameter of the cumulant expansion will 
then be iV-dependent quantities. The iV-dependence of the latter will yield a certain upper bound 
on N necessary to ensure the convergence of the cumulant expansion. This bound will turn out to 
be the exponent of the inverse parameter of the weak-coupling approximation, that will allow 
to vary in a wide enough range. We shall also find the values of the two leading coupling constants 
of the confining-string Lagrangian at arbitrary A^. 

The main results of the paper will be summarized in the Conclusions. In the Appendix, some 
technical details of the performed calculations will finally be outlined. 



2 SU(2)-case 

The Euclidean action of the (2+l)D Georgi-Glashow model reads 



S 



1 



2 1 . 

+ 2 (^m'^'" 



2 A 
' +4 



Here, the Higgs field transforms by the adjoint representation and -D^$" = i9^$" + e'^^'^A^^^'^. 
Next, A is the Higgs coupling constant of dimensionality [mass], rj is the Higgs v.e.v. of dimen- 
sionality [mass]^/^, and g is the electric coupling constant of the same dimensionality. 
At the one- loop level, the partition function of the theory (|^) takes the following form 



S 



(fx 



(2) 



Here, x is the dual-photon field, and the field ip accounts for the Higgs field, when it is not infinitely 
heavy [i.e. one deviates from the compact-QED limit). Next, gm is the magnetic coupling constant 
related to the electric one as gmg = 47r. The Higgs-boson mass, mn, reads mjj = r7v^2A, and the 
monopole fugacity ( has the form: 



c 




-(47r/g2)mwe 



(3) 



In this formula, rriw = gv stands for the W-boson mass, and e = t{\/ g'^) is a certain monotonic, 
slowly varying function, e > 1, e(0) = 10, e(oo) ^ 1.787 As far as the function 5 is concerned, 
it is determined by the loop corrections. It is known |^ that this function grows in the vicinity of 
the origin {i.e. in the BPS limit). However, the speed of this growth is so that it does not spoil 
the exponential smallness of C, in the standard weak-coupling regime g^ <C mw (or g ^rj) which 
we adapt in this paper. 

Integrating further in eq. @) over ip by virtue of the cumulant expansion, we get: 
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S-Jd^x ^{Vxf -2^cos{g^x) - 2^"^ J d^xd^y cos{g^x{^))f^{^ - j) cos{g^x{y))- (4) 

In this expression, we have disregarded all the cumulants of the orders higher than the second, and 
the limits of applicability of this so-called bilocal approximation will be discussed below. In eq. (^), 
/C(x) = e9mDmH(x) _ I ^[^i^ Dmjji'x.) = e~"^"^^^ / {Ait\x.\) standing for the Higgs-field propagator, 
and 




denotes the modified fugacity. In the derivation of eq. (|]), we have in the standard way set m^y 
for the UV cutoff in the weak-coupling regime and denoted c = rriH/mw 

As it is clear from eq. (|), the compact- QED limit is achieved when rriH formally tends to 
infinity, i.e. c oo. In ref. 0, there has been explored the opposite, BPS, limit c <^ 1. Since 
Dmni?^ ~ y) ~ ""^H, one can impose the inequality g^mn -C 1, which together with the weak- 
coupling approximation yields c <C 1, and obtain from eq. @ the following action: 



S 



d^x 



-{VxY -2^cos{g^x) 



2{gmif j d^xd^y cos{gmXi^))D,nH - y) cos{gmX{y)) 



Note that according to eq. (^, the modified fugacity ^ remains to be exponentially small in this 
limit. That is firstly because e > ^ ~ ^ and secondly because, as it was discussed above, 
according to ref. P, the function 6 entering eq. (0) grows at c -C 1 slower than exponentially. 
Next, the fact that Dm^(x) rapidly vanishes at |x| oo enables one to estimate the parameter 
of the cumulant expansion, which in this case reads ^g'^J d^xDmjji'x) = gm^/m'jj. This quantity 
is exponentially small due to the exponential smallness of ^, which proves the convergence of the 
cumulant expansion. 

In what follows, we shall explore the action (Q) in the regime intermediate between the BPS- 
and compact-QED limits, namely c ~ 1. First of all note that since = 2X/g'^, ^ will be 
exponentially small provided that e{x) > e~^^/2 at a; ~ 1/2. One can see that this inequality is 
always satisfied, since its r.h.s. is not larger than 1/2, while e > 1. Next, analogously to the case 
c <^ 1, by noting that /C(x) rapidly vanishes at |x| — > oo, the parameter of the cumulant expansion 
can be estimated as where I = J d^x}C{x). This integral is evaluated in the Appendix. At 
-e~^ ^ 1 with a = inmH/g"^ (which is obviously true in the weak-coupling regime), it reads 



An 



n 



n-2 



r(3 — n, cn) — c 



,2— rig— cn 



a 

exp I -e 

c 



1-^e^ 
a 



+ e 



nina 



(6) 

oo 

/ dter*t^~^ denotes 



Here, [1/c] stands for the largest integer, smaller or equal to 1/c, and r(6, x) 

the incomplete Gamma-function. In the case c ~ 1 under study, the sum entering eq. (Q) contains 
a few terms, among whose the dominant one is of the order of a. These terms can thus be 
disregarded with respect to the term of the order of e" standing in that equation, and we finally 
obtain: I ^ „ exp 6"*^^. Consequently, the parameter of the cumulant expansion, ^J, 
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will be exponentially small, provided that e{x) > |e~^^ at x ~ 1/2. In particular, we should 
have e(l/2) > 3/(2e) ~ 0.552, which is clearly true, since e > 1. Thus, cumulant expansion is 
convergent in the case c ~ 1 under study. 

One can further straightforwardly read off from eq. the squared Debye mass of the dual 
photon. It has the form m|, = 2(7^^(1 + 2^/), where as it was just discussed, the second term in the 
brackets is exponentially small with respect to the first one, and therefore = gmy/2^{l + ^I)- 
Obviously, unity and ^/ here are the contributions to mn brought about by the first and the 
second cumulants in eq. (^, respectively. Note also that this result for uid obviously reproduces 
the compact-QED one (see e.g. 0), gmV^- Indeed, at rriH ^ oo, ^ — > ^ and, as it follows directly 
from the definition of /, / — > 0, that proves our statement. 

Similarly to how it was done for the case c -C 1 in ref. [0], it is also possible in our case c ~ 1 
to derive the representation of the action (^) in terms of dynamical monopole densities p's. To 
this end, one should perform in the partition function the following substitution 



exp 



Dp exp 



2 

I dVyp{^)Do{^ - y)p(y) - tg^ J S 



xxp 



where D^ix.) = l/(47r|x|) is the Coulomb propagator. After that, it is necessary to solve the 
resulting saddle-point equation 



sinh(0(x)) 



1 + 2^1 rf3y/C(x-y) cosh((/.(y)) 



2e 



(7) 



where = igmX- This equation can be solved iteratively by imposing the Ansatz 



+ 



with 1 02 1 1 01 1- Introducing the notation f = Jl + (^^^ , we then obtain 



arcsinh 



!>2 X 



/(x) 



A/C(x-y)/(y). 



In r T)\e~'^ 

On the other hand, the average monopole density stemming from eq. (^) reads — vairTI — ~ 
2^(1 + 2^/), where V is the 3D-volume of observation. Therefore, at \p\ < ^, we have / ~ 1, 



IpI/^, and 



,^/|0i| <^ 101 1 thus justifying our Ansatz. The obtained solution to the 



saddle-point equation yields the representation of the theory (H) in terms of p's in the form 

S = ^J dWyp(x)Z}o(x - y)p(y) + V[p]. 
Here, the multivalued potential of monopole densities reads 



(8) 



V[p] 



d X 



p arcsinh f - 2^/ 



2e j rfWy/(x)/C(x-y)/(y). 



Note that the multivaluedness of this potential realizes the world-sheet independence of the Wilson 
loop in the theory (^). This is the essence of the string representation of the Georgi-Glashow model, 
discussed for the compact-QED limit, c — > oo, in ref. and for the BPS-limit, c -C 1, in ref. 0. 



Note also that at very low densities, 

2 

dum, V[p\ ~ 2^ / d?xp^, i.e. the action 



p| ^ ^, up to an inessential constant adden- 
(P) becomes quadratic. Therefore, in this limit, 
any (even) correlator of p's can be evaluated explicitly. In particular, the bilocal one reads 
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(p(x)p(O)) = —{rriD / gm)'^^'^ Dmoi?^ — 2^(1 + 2^/)5(x), where in the derivation of the last equal- 
ity we have used the exponential smallness oi mo- This yields the average squared density: 
p2 = V^^ ^ (i^x (p(x)p(O)) ~ 2^V""'^(1 + 2^ J). Next, at \p\ < ^, the average distance between 
monopoles, f, is not smaller than The volume of observation, V, should be much larger 

than and therefore V is much larger than as well. This yields the relation ~ ^V~^ ^ 
which justifies the initial approximation |p| -C ^. 



3 SU(N)-case 



The S'f/(A^)-generalization of the action (0), stemming from the SU{N) Georgi-Glashow model, 
has the form 



S 



N{N-l)/2 



cos {gmqix) 



(9) 



Here, g^'s are the positive root vectors of the group SU{N). As well as the field X; these vectors 
are {N — l)-dimensional. Note that the S'?7(3)-version of the action (^, which incorporates the 
effects of the Higgs field, has been discussed in ref. 0. The compact-QED limit of the SU {N)-case 
has been studied in refs. M, H, and |]TU[. The string representation of the compact-QED limit 



has been studied for the S't/(3)-case in ref. |jTT| both in 3D and 4D. Here, similarly to all the 
above-mentioned papers, we have assumed that W bosons corresponding to different root vectors 
have the same masses. 

Straightforward integration over i/j then yields the following analogue of eq. (HI): 



S 



(Tx 



1 



N(N-l)/2 



(Vx)^ - 2^ Y cos {gmqa) 



N{N-l)/2 

d^xd^y Yl cos(5fmg;x(x))/C(x-y)cos(5(mgjx(y)). 



(10) 



The Debye mass of the field x can be derived from this expression by virtue of the formula ||T2| 

^(^-l)/2 

qt^i °^ • '^hc proportionality coefficient which should stand on the r.h.s. of this 

i=l 

relation can easily be found from the requirement that all root vectors have the unit length. 
This coefficient is equal to {N/2), and the square of the Debye mass turns out to be mjj = 
g^^N[l +^IN{N — 1)]. Note that this formula reproduces both the S'f/(2)-result of the previous 
Section and the 5'[/(3)-result of the compact-QED limit |]1T|, m^, = Sg'^^. 

The new parameter of the cumulant expansion, C,IN{N — 1), will be exponentially small pro- 
vided that at x ~ 1/2, 



e(x) > - 
^ ' 2 



3e- 



+ 



9' 



■ln(A^(A^-l)) 



27rmw 

Setting in this inequality x = 1/2 and recalling that [] e(l/2) < e(oo) ^ 1.787, we obtain the 
following upper bound on A^, which guarantees the convergence of the cumulant expansion: N{N — 

^Similarly to ref. |llo| , we assume here that the function e is one and the same for any N. 
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1) < e^^-^22™''^/5'^. Clearly, in the weak-coupling regime under study, this bound is exponentially 
large, that allows to be large enough too. 

Next, the representation of the theory with the action (p!0D in terms of the monopole densities 
can be derived similarly to the S't/(2)-case by virtue of the formula 



exp 



, N(N-l)/2 



J n ^^P^exp J d^xd^ypi{x)Do{^-y)pi{y)-igmJ-^ J 

i=l ' 



The analogue of the saddle-point equation (0) then reads 

Af(Af-l)/2 



sinh(0i(x)) 



1 + 2^ E 

i=i 



d ?//C(x-y)cosh(0j(y)) 



where (pj = igmQjX- Solving this equation iteratively with the Ansatz 



-|- where 



•|, we obtain: 
!)j^(x) = arcsinh 



>?(x) = -1 



N(N-l)/2 



2 a(x) 



A^(x-y)F,(y), 



where -Fi(x) = w 1 + 1^^^^^) • Next, the average density of monopoles of all kinds reads 



^A^(A^ — l)[H-,^/A^(A^ — 1)], that, in particular, reproduces the 5'f/(2)-result. There- 



min J Vxe-' 

fore, the average density of monopoles of only one kind is of the order of ^. Thus, at \pi\ < ^, 
Fi ~ 1, \(f)}\ ~ \pi\/{^VN), and ~ ^IN{N - l)\(f)}\. The quantity is therefore of the 

order of the parameter of the cumulant expansion, that justifies the adapted Ansatz. The desired 
representation of the theory described by the action (|T0]) in terms of the monopole densities then 
has the form 



''N{N~l)/2 



n VpAexpl-^l d'xd'y P.(x)/^o(x - y)p.(y) - [{p,,}fj^ 

1=1 I I i=l 



N{N-l)/2 



N{N~l)/2' 



where the monopole potential is given by the following formula: 



Vj 



N 



N{N-l)/2 



N{N-l)/2 

d^'x E 

i=l 
N{N-l)/2 



Ip. arcsinh 
A^^ \^/2Nt 



2e j d'xd'y ^.(x)/C(x - y)F,(y). 



One can further naively assume that the criterion of the low-density approximation has the 
form \pi\ <^ (although the average density of monopoles of one kind was discussed to be 

of the order of ^). Indeed, similarly to the S'f/(2)-case, already under this inequality, the poten- 
tial factorizes and becomes quadratic, so that (again up to an inessential constant addendum) 
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Vf 



N 



N{N-l)/2 



{Pi]^=i ^''^^ — 2^ / ^^"^ S Pi- Consequently, the bilocal correlator of monopole den- 



sities reads 



(p,(x)p,(0)) = -{mo/grnf6,,V^Drn,{^) ^ ^N[l + ^IN{N - l)]5,,5(x) 



and, in particular, the S'f/(2)-result obviously recovers itself. Therefore, the average squared 
density of monopoles of any kind has the form: pf ~ ^iVV~^[l + ^IN{N — 1)] ~ ^A^V~^. The 
inequality pf <C NC,"^, necessary for the justification of the initial approximation, will thus be 
satisfied provided that ^ 1. For the densities \pi\ < VN^, we however have V ^ ff > 
Ar-V2^-i (^here Tj is an average distance between the monopoles of the i-th kind), i.e. ^ 
N'^^"^, rather than ^ 1. The initial naive low-density approximation \pi\ <^ VN^, which 
ensures the factorization of the potential, is then fully justified for not too large A^, i.e. it should 
be replaced by the right one, \pi\ <^ ^. In another words, for too large N, the requirement 
\pi\ <^ becomes no more the low-density approximation, since it then allows \pi\ to exceed 

significantly its average value, which is of the order of ^. 

Note finally that the obtained results lead to obvious modifications of the values of the 
confining-string coupling constants (string tension, coupling constant of the rigidity term, and 
so on). These modifications, which are due to the change of the Debye mass of the dual photon, 
can be accounted for by virtue of the formulae obtained in ref. [jl3|. One should also take into 



account that the charges of quarks are distributed over the lattice of weight vectors of the group 
SU{N), whose squares are equal to {N — l)/(2iV). We finally obtain the following values of the 
string tension and the inverse coupling constant of the rigidity term (c/. refs. [0] and [|11[]): 



9 f7N-l 



'N 

4 Conclusions 



i + l^jiv(iv-r 



_i I g^ N-l 

a 



16 A^3/2 



l-iIN{N -I] 



In the present paper, we have explored the influence of the Higgs field to the dynamics of the 
(2+l)D Georgi-Glashow model and its 5'?7(iV)-generalization. To this end, the Higgs field was 
not supposed to be infinitely heavy, as it takes place in the compact-QED limit of the model. 
Owing to this fact, the Higgs field starts propagating, that leads to the additional interaction 
between monopoles and, consequently, to the modification of the conventional sine-Gordon theory 
of the dual-photon field. Contrary to the previous analysis, performed in ref. in the BPS limit, 
in the present paper the Higgs-boson mass was considered to be of the order of the W-boson 
mass. In this regime, combined with the standard weak-coupling approximation, the Debye mass 
of the dual photon and the potential of monopole densities have been found. In the low-density 
limit, the latter enables one to evaluate correlators of densities to any order. There has also been 
demonstrated that the existing data on the monopole fugacity provide the convergence of the 
cumulant expansion, which is used for the average over the Higgs field. This justifies the bilocal 
approximation adapted for the performed analysis. 

After that, the above-described investigation has been generalized to the case of the SU{N) 
Georgi-Glashow model with N >2. The results obtained in this way reproduce, in particular, the 
respective (A^ = 2)-ones. There has also been found the upper bound for A^, necessary to ensure 
the convergence of the above-mentioned cumulant expansion. This bound is a certain exponent 
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of the ratio of the W-boson mass to the squared electric couphng constant. It is therefore an 
exponentially large quantity in the weak-coupling regime, that yields an enough broad range for 
the variation of N. Finally, we have found the values of the two leading coupling constants of the 
confining-string Lagrangian at arbitrary N. 
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Appendix. Evaluation of the integral I(fxJC{-x.). 

Setting, as everywhere else in this paper, mw for an UV cutoff and using the notations for a, c, 
[1/c], and the incomplete Gamma-function introduced in the main text, we have for the desired 
integral: 



7 = 



47r 



m 



H 



/ 



dxx 



exp 



ae 



- 1 



X 



4:71 



m 



H n=l 



-rn"~^r(3 - n, cn) ~ 



n=l 



[l/c]+l 



nn\ 



(Al) 



Clearly, in the derivation of the last equality, we have used the asymptotics of the incomplete 
Gamma-function at large values of its second argument: r(3 — n, cn) ~ (cn)^~"'e~^"'. The last sum 

oo [1/c] 

in eq. (A.l) can further be rewritten SiS J2 — J2 , ^-nd we obtain: 

n=l n=l 



nn\ 



^ - ^ E ^ ^"~'r(3 - n, cn) - c^-^e-^" + E P 



n=l 



nn\ 



(A2) 



Note that the last sum here is equal to Ei (fe"*^^ — 7 — In (^fc^^^, where 7 ~ 0.577 is the 
Euler constant, and Ei denotes the integral exponential function. However, in the interesting to 
us case c ~ 1, a S> 1, such a representation of that sum does not help when one tries to express 
it explicitly in terms of a and c. Instead, it is useful to rewrite it as follows: 



n n—l n 



^p-(c+t) 



"■- ^ 
where z = -e~^'^~^'^\ Integrating by parts we have at -e~^ ^ 1: 



(^.3) 



(A3) 



exp -e 
c 



In^ 
c 



1 c - 

J dzlnz + (In z) J dze 
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exp ( -e""^^ (^1 - -e'^ ) + (e - 1) In a, 



where in the derivation of the last equahty we have kept the terms leading in a and (a/c). Together 
with the first sum standing on the r.h.s. of eq. (A. 2) this finally yields eq. (|^) of the main text. 
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